
 

MATH 2028 Change of variables Theorem

GOAL Derive a general change of variables

formula for multiple integrals

Recall Method of substitution

If G a b IR is C and fi.IR B is cts

b9lbthen f f d f fo g t 9kt dt
gta a

Reason Let F X fo f y dy Then FIX fCx

by Fund Thin of calculus On the other hand

Chain Rule

Fo g Ct F gas g't fog Ct g't

Integrate both sides from A to b and apply

Fund Thin of calculus again

L H S fabCfo g Ct It

fog b Fog a
9lb

food fly dy f fcy dy fly dy
Sla



Suppose that g ca b IR is 1 1 and

G a b c d Then we have

flex DX fab fog Ct 19kt Idt

This is the Change of variables Theorem in 1D

Q How to generalize this to higher dimensions

Recall that a map g A B is said to be

a CC diffeomorphism between the open subsets

A B E B if
A 8

g is bijective B

both g and g are C g

Remark By Inverse Function
Theorem a C map

9 A B is a diffeomorphism onto its image

G A B provided that G is 1 1 and

det Dg to everywhere



Change of Variables Theorem

et G A B be a diffeomorphism between

bounded
two open subsets A B E B with measure zero

boundary For any Cts f B IR we have

f f du f fog det Dg dV Ct

B A

we will postpone the proof until later

Let us verify formally how this change of
variable formula yields the correct formula

for the special coordinates discussed before

Example 1 Polar coordinates

G O D x o 2T IR I x o X 30

O Y
n

g B

A x

o 7 r

GCr O E r SO rsin O



Note that G is a bijective map from the

infinite strip A onto the whole plane minus the

non negative x axis B Moreover

Dg
cos 0 rsino

Sino rcoso

and det Dg r o everywhere in
A

Hence CH implies the formula

dA dx dy rdr do
D

Example 2 cylindrical coordinates

G 0,00 x 0,2T x IR Ps3 l f CX O Z x o

g r O Z a rooso rsino Z bijective

I
det Dg r 20 Hence dV dxdydz

rdr do de
D



Example 3 spherical coordinates

G oooo x o Ti x 0,2T f Cx o Z X Zo

G f Q O f sing cos 0 f sino since fcos

f cosof cos0 f Sino sin0

Dg Swat since esingaro
cosof f sinof

det Dg f sino 0

Hence IV dx dy Iz f sinof df def do
D

Sometimes we have to be a bit more careful to

apply the change of
variable formula

Examplett Evacuate f x DA over the open
D

disk 52 of radius 1 in B centered at the

origin



Solution Note that we CANNOT cover the

entire 52 with the polar coordinate system

from an OPEN SUBSET To do this properly

we first observe that f Cx y a x'y is

Cts bold on R hence f is also integrable

on the open set B D fcx.gs xzo3 and

f f DA f f DA
R B

since I cx.gs I X Zo has measure zero

Now B can be covered by the polar word

of a Co 1 x o 2T B Hence by GX

J f DA f fo't r sin'Ocoio rdr DO

B

f r5dr f f sina.io do

It
24

D








