MATH 2028 - Chaije af \Jariales Theorewm

G'IOAL’ Derive a 5Qv|cfa\ chansge o variebles

‘orvula Lo mu\'\'i?\ﬂ \‘w+23ra\s

Recall : ( Method of substitution)

£ s ¢ avd T:R-R s cts,

Then S. F () dx :S T2 () Gerdt

* ’
Reason: Let F(x) := So ‘?(‘j) dﬂj _Then F(X)=+(x)
53 Fund. Thm. of Calceling. On e othaers haend .

Cwhiasn Rule =

(Feaym= F(om: 26 = $25@ -5
IM‘U-S?CA’Q batl, sidles Fvomn “o and &9?\-3
Faud . Tm. 6“' Cel culins again.

LHS = | (Feaym dt
= (Fe2)(B) = (Feid(a)

= So fly) 44 - S £ig) dy :I T(y) a4



Su??csg “nat s 1-14 and
( ) = _Then we Whave

S Lfoodx = S Foa -9\ 4t

This s e Change of Variables Thesrew\ in 10

Recall thet a maop A = B s said t be

Q (C‘) - di‘H-coW\ov?\\itM between e b?en Suy sets
ABcR ¥
. 'S bf&ec‘h\: Q

e botw awd ave c'

Remerk: Bﬂ Thverse Funchian Thesrem,, O C map
: A - R 5 a diffeomerphism onto \Fs image
(A) = B provided Hnat i« L-14 ond

det (D9 ) ¥ 0 everywhere.



C\no.nje of Variebles Theorem

Let : A9 R be a diffeomorphism between
twe Open subsefs A .B € R® with measure zeto

\oauv\dav-a. For any ks F: B2 R, we have

f-hw = S({e ) | det(Dg)| 4V (%)
® A

We wiln postpone the Pvav[- wuntil \ater .

Let us VQVG'F\:) "Fbvma.\\.j haw tais C«ho.nse éf
Varicblk Formulg, ylelels #ae covvest Cormula
Sor “+he speciel coordinates discussed betove.

EKGMpu 4L : (Polar coordinates)

: (0,00) x (0,2W) — RN {(x,0| x20)

(¢,9):= (roos®, rsin0)



NJ3te that IS a bﬁecﬁve wiap fTram R
wRnite Strip A onte vhe wnolk plane minuns the

NOw A\esﬁcﬂvg X = AAxXiS B . Meorcover.

D - (COSG -VSO‘AQ)

Sin® WSO

and detr (D2)= ¥ >0 e«vevnwme wm A

Heuw , (R) twmplhies e Tovmavia

dA= okv.olﬂ = vdvrdO .

EXo.mpu 2 (%lendﬂw\ Cborounatcs)

: (0,®)x (0. 2®r) xR — Rg\ {(",0.%)\ xza‘)
(v.,0,2):= (roosB,rsing,2) biective !
s ® -¥sin® °
Vaz= | qne Trows8 ©
) o A
g det(92) =¥ >0 Henaw. dV=dxdyde
= f&fo‘Sd‘E .




EKGMVLQ 3 : (S?hzﬁcg\ ceerd"na‘&.es)

: (0.®)x (0,M) x(0.2W) D [ (x.0.2) X20)

(?. $.9 ) - (f S@n* ws9 , f m‘nt’b sinl , fco.ﬁj:)

{ S\‘V\¢ s 9 -?mg* s O --? Si\ﬂ* s'n®
D = Sl‘n? sin © f(bf¢ 5;"8 -? S‘“n* ALY
\ C031> -f ﬁnc‘; o)

8 dex(Da)=z P sp >0
Hewa , dV = dxdgde = © sing oAf dpdb .

Sé\met\‘wos we have o be a LY mere careful to

w \lo.h'c-bu 'F"M“\a .
aw\o 4R cwha S¢ é‘e

Examp\e 't : BEvelme®t on") dA  over thg opev

) 8
disk SL of rading 4 W R conteved ot Tt

N

o\ yr\ .



Coluton: Note that we CANNOT  cover g

enkire SL with the pdlar coordinats hosbm

o an OPEN SUBSET . To dbo #ars Frbrzﬂj.

-

N
we fist observe that €x.9yr:= X'y s

cts & bdd en S1, henwe & s olss inSegrable

own YWe Q?m seX B = Q\ {(K,(ﬁ)\)‘),g‘) awn ol

g{dA = S{dA
Q Y

Sime 1059 | x 20y lhas measare 2erd.

(o %
Now, Q can be covere d bj e PQ\Gi COY

. (o, 4) x (0,3%) => B . Henx, by %),

S‘GdA y S Y s'neoofe’fd‘fd'e
B

-(g f’ou) KS smec,:eae)

24




Exomple 5 : Evewste [ xah iere B <R

8
(,2) .ol o (4’.3)
~ :‘:. ............... 8
'§ 2 Open pavelsiogran ........................ s C3.1)

Selutions T4 s ratuer *cdidus *o C,ew\‘)utl R

(\wﬂsvc.\ W %X,Y) wordinates. We cawn Pev*‘ﬁm

o \ineery chonge of vanable st

: (0,4)% (0,4) — Q®

(u.v) := (3u+v, Uutr2v)

Twen, D4 = (3‘* ;) & det(D2)= S >0

697\:9\"'_3 (%) gives

xdA = | (3usev)-5d
BS ;L +v udv
= 5 S:'(éz.-s-v)dv -s5.(+%) =10




T
EXOAMP'E 6: Evalnecte f ‘QdA wh ere 8 €\
B 4

™\

'j:

'S e open swoset & ey
=4

o %

\lh\uz‘]. us+% "
n
\ BK 1%3
Aa—— uv:=q XY=
=4
>y I > %
(u.v) (,l—%:. Juv )

8 det(Dn)= o= >0 nsde A

ﬁ?ﬂa (%) , we obtain
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